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General remarks

» Light fields are treated in the wave picture
(Maxwell's equations)

e Microscopic matter is treated by Quantum
Mechanics

- Semiclassical description

Exceptions: non-classical fields emitted by single
emitters!
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Maxwell‘s equations

Maxwell:
Y Bt = _f)B_(r' t) (1) macroscopic
BD(% ; Maxwell

V x H(r.t) %) +j(r.t)@ equations

ViDiest) = pietl @) .

V-B(r.t) = 0 4) Conservatlor;cj)(frcrharge:
Vj(rt) + ”{‘)th L

From (2)

Response of a medium using V-V xH = 0

D(r,t) = eE(r,t)+P(r,t) G

H(I‘. f) — LB(I‘ f) - M(I‘. 1‘) (6)
Ho
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Wave equations

1 O’E 0 oP
VXVXE+ 55— = —lo=|j+ = +VxM
2 o S TACET
1 9°H oP oM
VxVxH+Y =— = VXx]J+VX— 4+ jt,—.
2 012 i at Mot
Obtained by applying V x
to the Maxwell curl equations (1) and (2)
and using the material equations
c=(copto) "Y/2  speed of light in vacuum
The source of the fields is a current density:
OP source current density
jf. = js + j(. + — + VxM conduction current density
()f’ polarization current density

magnetization current density
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Response of matter to e.m. fields

for linear, isotropic, non-dispersive media

D = ¢gpcE P = B
B = popH M = xnH
jo = oE

= Higher order terms for nonlinear media
e Tensors for anisotriopic media
» Functions of space for inhomogeneous media

temporal dispersion: material parameters are functions of the frequency
spatial dispersion: material parameters are convolutions over space
- non-local medium
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Time-harmonic fields

Separation of the wave equations = harmonic differential eq.

E(r.t) = Re{E(r)e ™' == [ (r)e ™' + E*(r) e“']

E(r.t) = R(J{E(l‘)}(naq,.r+[|11{E(r)}-.-511|w1 = |E(r)|cos [wt + (r)]

Maxwell‘s equations (1) — (4) then become:

V xE(r) = iwB(r).

V x H( ) = —iwD(r) + j(r) .
D(r) = p(r),
B(r) = 0,

complex, frequency dependent field amplitudes
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Complex dielectric constant

Constitutive relations

D = 8()€E P = e';"(jer
B = popuH M = y,H
j. = oE

Maxwell:

< V x E(r) = iwB(r), pt |l Vox
VxH(r) = —iwD(r) + j(r).
V-D(r) = p(r), £
V-B(r) =0, /

w2 v
Vxpu lVxE - = i +io/(we, DE = twi,js
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Dielectric function is a complex quantity
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With the new &
Vxu 'VxE - k?2cE = iwn,j. .
Vxe 'VUxH — k2pH = Vx e,

in linear, isotropic, but inhomogeneous media

k, =w/e
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Piecewise homogeneous media

Inhomogeneity is confined to the boundary
between isotropic media!

- Find solutions in each isotropic area and connect
those via boundary conditions.

. . . Vpi
(Vz—kk’f)E; = —Wleli )i + —— inhomogeneous

°7t  yvector Helmholtz
(VQ—H\"?)H; = Vi, equations

o

ki = (w/e) e

Ji» pi sources in the domain 1J;

Derivation: V¥V xVx = -V24+VV.
V-D(r,t) = p(r.t)
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Boundary conditions

integral form of Maxwell”s equations (1) — (4)

Faraday's law

¥
/ E(r.t)-ds = —/ f—B(r.{) ‘n, da .
P g Ot

. d
H(r.t)-ds = L {‘](r.f) + ED(LT)] ‘nyg da ,

JOS

D(r.t) n, da = / plr.t) dV .,
1

(]
° L
@ SOV Gauss' law
a
?
[}
T B(r.t) - n,da = 0.
3 OV
e [
]
3
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a) b)
aD;;
D;
I'I/
(] v
©°
.g \
a
2 Parallel component of the electric Normal component of the dielectric
k| field is continuous displacement is continuous
1%}
% nx(E -E;) =0 ondD;. n-(D;-D;) = ¢ on dD;;
% nx (H,-H;) = K on 0D, . n-(B;—B;) = 0 on aD;;.
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Poyntings theorem

V x E(r,t) = _(JB(—rf} (1)
at
_ . 0D(r.t) .
V x H(r.t) = T + j(r.t), (2)
H(1) - E-(2)
JB JD
=-H- ——-E-——j E
=V-(ExH)
g integrating both
& sides over space and applying Gauss’ theorem
£ / . :_/' SOy D plEan
§ ' m_(E x H) -n da /. [H 51 +E 5 +j-E|d
g D(r.t) = c,E(r.t) + P(r.1),
% H(r,t) = u;'Blr.t) — M(r,t)

13

Bert Hecht, Nano-Optics and Bio-Photonics group, University of Wirzburg

Energy conservation

Flow of e.m. energy in or out of V

f (E x H)

Vv

—/j-EdV
v

Energy dissipation in V
= Ohmic losses

la + 10
n da 557 /.,

energy flux density,
Poynting vector

S = (E x H)

www.nanoscale-optics.de

[D-E+B-H qv
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time rate of change of electromagnetic
energy inside V

for linear media

time- averaged
Poynting vector

= éR.O{ExH*}

(S)

W = % [D "E+B- H] density of electromagnetic energy
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Dyadic Green”s function

The dyadic Green”s function defines the electric field at the point r
generated by a radiating electric dipole source at r~

E(r) = «w?puopn G (r,0)) p
Some basics:

LA(r) = B(r)

source function

unknown system
response

complete solution = solution of the homogeneous problem
+ particular inhomogeneous solution

www.nanoscale-optics.de

Assume homogeneous solution is known — how to find a particular
inhomogeneous solution?
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Dyadic Green”s function

Consider special inhomogeneity (5([‘—1‘")

LG(r,r') = n;§(r—1r') (i=wx,y,2)

oder LG (r,r') =16 —1)

£ acts on each column of G (r.r')
separately and T is the unit dyad.

Once (_} (r. r’) is known:

/L' G (r,v)B(r') dV' = /B(r')(ﬁ'(r —r')dv’
i i
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Dyadic Green”s function

LA(r) = /L‘ G (r.t)B@)dV' mit £ A(r) = B(r)

Vv
SA(r) = /é (r.v')B(x') dV’
J

What is G (r, r’) for the electric field?

www.nanoscale-optics.de
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Dyadic Green”s function

E(r) = iwA(r)— Vo(r)
H(r) = ! V x A(r) .
Holt

») y
plugged into ¥V x H(r,t) = - Dg: t) + j(r,t)
¢

using D:':‘,,SE

> VxVxA(r) = popj(r) —iwpe e, [iwA(r) — Vo(r)]

Lorenz gauge: V- A(r) = iwp,ps,0(r)

www.nanoscale-optics.de
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Dyadic Green”s function
usingagainV x Vx = — V2 + VV.

> [Vg + A'Q] A(r) = —popj(r)
(V2 + k%] o(r) = —p(r)/co0e
four scalar Helmholtz equations of the form

(V2 + k2] f(r) = —g(r)

to obtain the scalar Green’s function for the Helmholtz operator:

(V2 + k2] Go(r,t) = —8(r—7)

Bert Hecht, Nano-Optics and Bio-Photonics group, University of Wirzburg
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Dyadic Green”s function

bik|r—r’ :
er! | I free-space Green”s function
of the Helmholtz operator

Golr.r) = 4r|r—r|

>A(r) = pop /j(r’) Go(r.r")dV’
Vv
How about the fields?

for the fields the Greens function must be a tensor since a current

element in x direction causes fields in X, y, and z direction!

E(r) = iwA(r) - Vfr.f}(r) together with the Lorenz gauge
) 1
>E(r) = iw |1+ k—_ZVV- A(r)

Bert Hecht, Nano-Optics and Bio-Photonics group, University of Wirzburg
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Dyadic Green”s function

The vector potential originating from a point source current

j=(iwpo) 1o (r—r")n,

because of A(r) = Ium,u./j(};"') G, (r, r") dV' is:
V
A(r) = (iw) G, (r,x')n,

putting this into E(r) = iw |:1 + A%VV:| Alr)

point source currey

y 1

é G, (r, r') = [] + pvv-] Go(r.r') n,

g — ! T 1 't !

g G(r.r') = |I +’,_—2VV Go(r,x')

% ' V.G, 1] =VG,
21
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Dyadic Green”s function

E(r) = E,(r) + z'w';:,);z./ G (rv.v)j(x") dV’ iV
v

H(r) = H,(r) + [ [Vx G (r_r’)] i)y dv’ reV

Volume integral equations

www.nanoscale-optics.de
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Evanescent fields

evanescere: latin. Has meanings like vanishing from notice
or imperceptible.

Eeilkr—wt) plane waves with one component
: of the wave vector imaginary.

This never occurs in a homogeneous medium!

Simplest inhomogeneity: plane interface between two media

a) 3
E:s:
g 2k,
8 €2 W2
a J‘. 3 o
g B I
% l‘] o is)
8 “ 0, E
: E!
: 3
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Evanescent fields
—E{ 12(ky) ks, / k2
_ (8) ysr1. ket +ikagz
E;g = El t U\,) C <
EY 7 (k) ke /ks
with the Fresnel reflection and transmission coefficients
& :”'_)A-:l - .”]F"'.u -':-2;"'_1 - ‘;]k:-:
ey key) = —————=, Phpky) = ————=
r(k. } ﬂ;?;":l"'."’l':":g i } 52;1‘:14—51&'2
) 2ok, 2e0k., 1251
ik ky) = ——————— | ik k) = ————— [ ——
' ﬂg}’u‘;l + _Nl-tu'_-;.‘! / ok Tt pk., \ 152
3
g bey = K] — (K24 K2). ke = [k — (k2 +K2).
)
8 .92 p .2
g k., = kiy\/1 — sin”0y, k., = koy/1 — 7?2 sin” 6,
]
g - £ L,u-l
n=-—
Eg s
212 oa
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Evanescent fields

with increasing 6, the argument of the square root in the
expression of k,, gets smaller and smaller and eventually
becomes negative. The critical angle 6, can be defined by
the condition

[1-n%sin?61] =0 > 0. =arcsin[l/n]
9

S f.=41.8°

L)
n

For @ > 0., ,(3;2 becomes imaginary

B t7(6,) V72 sin?6; — 1

3 E2 ES E(l“) f-p(ol) 04‘- sin fq by e V?
: EY t7(6,) fusin 6,
)
g
§ ~ ) . 2
g v = ki \/n sin“ 6 — 1
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Evanescent fields
(a) 1 (b)
= 8
X -
™~
o for @;=45%nd €2 = 1, £ = 2.25
b
(=]
)
g
g
g
26
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Evanescent fields

[E2(z =0)[/[E1(z = 0)]
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4
3
=)
Il
N2
.,
1
3
@ 0
< o
= o
& angle of incidence 8, [’]
[
%' Energy transport by evanescent waves?
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Mearsurement of evanescent fields
Frustrated TIR
@ = E! (b)
3
3
8
(=]
@
[
?
2
g
28
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Frustrated TIR

Perpendicular component of the wave
vector in each medium:

o 1/2 ) /2 .
kyw = (q;qk“’ = Af) =k (e —erpasin®6y) 77, j e {1,2,3}
(exploit the fact that the parallel component is conserved!)

Distinguish 3 cases:
1.: 6, < arcsin(ng/ny) or A'” < ngk

2.7 arcsin(ng/ny) < 8 < arcsin (ng/ny)
or nok < k

3.1 01 > arcsin(na/n1) or k| > nak

www.nanoscale-optics.de
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Transmitted far-field intensity

o
P,

e
Alne Dty

0.4

transmitted intensity

0.2]

unperturbed

The second medium can
evanescent wave

convert
evanescent fields into
propagating fields!
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STOM

Scanning tunneling optical microscope

Detector
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S
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Experiment:
3.9
2-
2.07%
L= 4
=z
=
O
(]
=
)
&
=]
Q
?
Q@
[
5]
@
o
o
]
S
A, Meixner, M. Bopp, and G, Tarrach, “Direct Measurement of Standing Evanes-
cent Waves with a Photon Scanning Tunneling Microscope,” Appl. Opt. 33, 7095
{1994).
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Angular spectrum representation
of optical fields

» mathematical technique to describe optical
fields in homogeneous media

= Optical fields are described as a superposition of plane
waves and evanescent waves which are physically intuitive
solutions of Maxwell’'s equations.

z-axis
E(I' ) is known

z=const.

o0

1 :
E(;"'J__ }i"'H: :“) = F //E(;i_" Y, ,.:) o -7 [f\-_;\;!' + J[.-gI.U] a‘:i_- dy

— o
two-dimensional Fourier transform of the field
ko, L‘_,J, spatial frequencies
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inverse Fourier transform:

E(z,y,2) = / / Bk, ky: z) e Fevt kvl g de,

the Fourier integrals hold separately for
each vector component

homogeneous, isotropic, linear and source-free medium:

(V24 k2 E(r) = 0 k= (w/c)n

n=,/le

Ende! 26.04.2007
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